MATHEMATICS-III
APPLICATION OF PARTIAL DIFFERENTIAL EQUATIONS     (UNIT-1)

METHOD OF SEPARATION OF VARIABLES:    
Problems:

1)   Solve  by the Method of separation of variables   
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A)  Z= 
[image: image2.wmf]

 EMBED Equation.3 [image: image3.wmf][
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2)    Using the Method of separation of variables  solve  
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 where u(x,0) = 6e-3x
A) U = 6e-(3x+2t)
3)  4
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, given u = 3e-y – e-5y when x=0

A) U = 3ex-y – e2x-5y
4) Py3+qx2=0           A)   z= c 
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5) Solve 
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, given that u(0,y)=8e-3y                     A)u=8e-12x-3y
6) Solve 
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 , u(x,0)=4e-x                                 A) u=3e-5x-3y+2e-3x-2y
7) Find a solution of the equation 
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 in the form u=f(x).g(y). Solve the equation subject to the conditions u=0 and 
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A) u= 
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VIBRATIONS OF A STRECHED STRING-WAVE EQUTION:

The general form of wave equation is   
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Assume that a solution of obove equation is of the form y=X(x)T(t),   then we have


[image: image13.wmf]T

c

T

X

X

II

II

2

=


Thus the various possible solutions of wave equation are

Y=(c1epx+c2e-px)(c3ecpt+c4e-cpt)

Y= (c1cos px + c2sin px)(c3cos cpt + c4 sin cpt)

Y= (c1x+c2)(c3t+c4)

Of these three solutions , we have to choose that solution which is consistent with the  physical nature of the problem. As we will be dealing with problems on vibrations, y must be a periodic function of x and t. Hence theire solution must involve trigonometric terms. Accordingly the solution of the form Y= (c1cos px + c2sin px)(c3cos cpt + c4 sin cpt) is only suitable solution of the wave equation.

Problems:

1) A string is stretched and fastened to two pointsl apart. Motion is started by displacing the string in the form 
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released at time  t=0. Show that the displacement of any point at a distance x from one end at time t is given by 
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2) A tightly stretched string with fixed end points x=0 and x=l  is initially in a position given by 
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. If it is released from rest from this position , find the displacement y(x,t).
A) 
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3) A tightly stretched flexible string has its ends fixed at x=0 and x=l. At time t=0 the string is given a shape defined by F(x)=µx(l-x), where µ is a constant, and then released. Find the displacement of any point x of the string at any t˃0.

A) Y(x,t) = 
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4) A tightly stretched string of length l with fixed ends is initially in equilibrium position. It is set vibrating by giving each point a velocity 
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A) Y(x,t)= 
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5) A tightly stretched string with fixed end points x=0 and x=l is initially at rest in its equilibrium position. If it is vibrating by giving to each of its points a velocity ʎx(l-x). Find the displacement of the string at any distance x from one end at any time t.

A) Y(x,t) = 
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6) The points of trisection of a string are pulled aside through the same distance on opposite sides of the position of equilibrium and the string is released from rest .Derive an expression for the displacement of the string at subsequent time and show that the mid-point of the string always remains at rest.

A) Boundary conditions  y(0,t)=0, y(l,t)=0, 
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For first 3 conditions we have   y(x,t)=
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→y(x,0)=
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                 from Fourier series bn=
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here if x=l/2  then y(x,t)

7) Solve 
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 when x=0. Also show that as t→∞ then u→sin x

A) u(x,t)= [sin x+(1-et)](1-e-t) , c2=
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ONE DIMENSIONAL HEAT FLOW:
The general form of one dimensional Heat flow equation is 
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the various possible solutions of Heat equation equation are

u = (Aepx+Be-px)
[image: image37.wmf]
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u = (Acospx +B sin px)
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u = (Ax+B)

Of these three solutions , we have to choose that solution which is consistent with the  physical nature of the problem. As we are dealing with problems on Heat conduction,,it must be a transient solution, i.e., u is to decrease with the increase of time t, the solution given by 

U(x,t) = (Acospx +B sin px)
[image: image40.wmf]t
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 is the only solution of the Heat equation.

Problems:

1) An insulated rod of length l has its ends A and B maintained at 00C and 1000C respectively until steady state prevail. If B is suddenly reduced to 00C and maintained at 00C, find the temperature at a distance x from A at time t.
A) The boundary conditions are u(0,t)=0 ,  u(l,t)=0    for all t  
The initial condition are u(x,0)= 
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Then u(x,t)=
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2) Solve the above problem if the change consists of raising the temperature of A to 200C and reducing that of B to 800C.
A)   Here u(0,t)=20 and u(l,t)=80 for all t
Also the boundary conditions are non-zero hence we split the temperature u(x,t) as

U(x,t) = us+ ut(x,t)           __________________    (1)
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[image: image44.wmf]Þ

u(x,t)=ax+b
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Put x=0 and x=l in (1) then ut(0,t)=0 , ut(l,t)=0  _________________   (3)

Put t=0  in (1) then ut(x.0)=
[image: image47.wmf]20

40

-

l

x

________  (4)

Now 3 is boundary condition and 4 is initial condition to the transient solution ut(x,t)  .

Finally u(x,t)= 
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3) If the ends A and B of a rod 20cm long have the temperature at 300C and 800C until study state prevail. If the temperature of the ends are changed at 400C and 600C respectively , find the temperature distribution in the rod at time t.

A) u(x,t)=
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4) Solve the equation
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 with boundary conditions u(x,0)=3sin n∏x, u(0,t)=0 and u(1,t)=0 where 0˂x˂1,   t˃1
A) U(x,t)= 
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5) Solve the differential equation 
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 for the conduction of heat along a rod without radiation , subject to the following conditions:

(i) u is not infinite for t→
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A) 
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6) A homogeneous rod of conducting material of length 100cm has its ends  at zero temperature and the temperature initially is

u(x,0)=x     if   0≤x≤50

          =100-x    if    50≤x≤100

Find the temperature u(x,t) at any time.ION

(A) 
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TWO DIMENSIONAL HEAT EQUATION OR LAPLACE EQUATION:
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Solutions are        u=(c1epx+c2e-px)(c3cos py+c4sin py)  ,  u=(c1cos px+c2sin px)(c3epy+c4e-py)   , u=(c1x+c2)(c3y+c4)

Of these three solutions , we have to choose that solution which is consistent  with the  physical nature of the problem
Problems:

1) Solve the Laplace equation 
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subject to the conditions  u(0,y)=u(l,y)=u(x,0)=0 and u(x,a)=
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2) An infinitely long plane uniform plate is bounded by two parallel edges and an end at right angles to them. The breadth is ∏; this end is maintained at a temperature u0 at all points and other edges are zero temperature. Determine the temperature at any point of the plate in the steady-state.
A) 
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3) Solve for steady state temperature at any point of a rectangular plane of sides ‘a’ and ‘b’ insulated on the lateral surfaces and satisfying  u(0,y)=u(a,y)=u(x,b)=0 and u(x,0)=x(a-x) 

A) 
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UNIT-2

SPECIAL FUNCTIONS
1) BESSEL FUNCTION:  The general form of the Bessel’s differential equation with order n is
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Particular solutions of this differential equation are called “Bessel Function” and is defined by
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Result:
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Recurrence formulas for 
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4) 
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Problems:
1) Prove that   (a)  
[image: image74.wmf](

)

x

x

x

J

sin

2

2

1

p

=

                                            (b)   
[image: image75.wmf](

)

x

x

x

J

cos

2

2

1

p

=

-


                     (c)    
[image: image76.wmf](

)

(

)

x

x

J

x

J

cot

2

1

2

1

=

-

                                       (d)    
[image: image77.wmf](

)

(

)

x

x

J

x

J

p

2

2

2

1

2

2

1

=

ú

û

ù

ê

ë

é

+

ú

û

ù

ê

ë

é

-


     2)    prove that    
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    3)   Prove that 
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    or     Express J5(x) value in terms of J1(x) and J0(x)

   Hint:  For problem 2 and 3 ,
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4) Prove 
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5) Prove that 
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6) Prove that 
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              ( Hint:  use recurrence formula 2)

7) Prove that 
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Generating Function for Jn(x):
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Problems:
1) Show that 
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   n being an integer 

2) Show that 
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3) Prove that 
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4) Prove that 
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Orthogonality  of Bessel function:
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LEGENDRE’S FUNCTION:

The differential equation of the form 
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is known as the Legendre’s differential equation 

There are two independent solutions given by
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Hence the general solution is given by    y = y1 + y2   
The polynomial solutions with a0 or a1 so chosen that the value of the polynomial is 1 for x=1, are called “Legendre polynomial of order n” and is denoted by Pn(x). 
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The infinite series solution with a0 and a1 properly chosen is called “Legendre polynomial of the second kind” and is denoted by Qn(x).

Rodrigue’s Formula:
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Legendre’s polynomial’s:
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Problems:
1) Express x3+2x2-x-3 in terms of Legendre polynomials.

A) 
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2) Express x4+3x3-x2+5x-2 in terms of Legendre polynomials.

A) 
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3) Express 4x3+6x2+7x+2 in terms of Legendre polynomials.  (         
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4) Show that if m˂n then 
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Generating Function for Pn(x):
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Problems:
1) Prove that (i) 
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2) Prove that 
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3) Prove that    (i) 
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4) Prove that          (i)  
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ORTHOGONALITY OF LEGENDRE POLYNOMIALS:
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Problems:
1) Prove that 
[image: image130.wmf](

)

(

)

(

)

dx

x

P

x

P

x

n

m

1

1

1

1

2

1

ò

-

-

  =    0      if     m≠n

                                                              =    
[image: image131.wmf](

)

1

2

1

2

+

+

n

n

n

if  m=n

2) If f(x)  = 0,    -1 ˂ x ˂ 0
=  x ,   0˂ x ˂ 1       then show that  
3) If F(x)=  0      if   -1˂x˂0

=  1      if   0˂x˂1       then show that  
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RECURRENCE FORMULAE FOR Pn(x):

1) 
[image: image133.wmf](

)

(

)

(

)

(

)

(

)

x

nP

x

xP

n

x

P

n

n

n

n

1

1

1

2

1

-

+

-

+

=

+


2) 
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3) 
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4) 
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5) 
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Problems:
1) Prove that  
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2) Prove that 
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3) Prove that 
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4) Prove that 
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UNIT-3

Complex Analysis-1

COMPLEX FUNCTION:If for each value of the complex variable z=x+iy in a given region R, we have one or more values of w=u+iv then w is said to be a complex function of z and we write w=u(x,y)+iv(x,y)=f(z). whereu,v are functions of x and y . If each value of z there corresponds one and only one value of w then w is said to be a single-valued function of z , otherwise a multi-valued function.

CONTINUITY OF f(z):A function w=f(z) is said to be continuous at z=z0,if 
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. Further f(z) is said to be continuous in any region R of the z-plane, if it is continuous at every point of that region.  Also if w=f(z)=u(x,y)+iv(x,y) is continuous at z=z0, then u(x,y) and v(x,y) are also continuous at  z=z0, i.e., at x=x0 and y=y0. Conversely if u(x,y) and v(x,y) are continuous at (x0,y0), then f(z) will be continuous at z=z0.

DERIVATIVE OF f(Z):     Let w=f(z) be a single-valued function of the variable z=x+iy. Then the derivative of w=f(z)nis defined to be 
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Provided the limit exists and has same value for all the different ways in which δz approaches zero.

Theorem:The necessary and sufficient conditions for the derivative of the function w=u(x,y)+iv(x,y)=f(z) to exit for all values of z in a region R, are(i)  
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 are continuous functions of x and y in R,

(ii)  
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NOTE:   The equations (i) and (ii) are called Cauchy-Riemann equations (C-R equations)

ANALYTIC FUNCTION:A function f(z) be derivable at every point z in some neighborhood of z0then f(z) is said to be analytic at z0.

               i.e., f(z) is analytic at z0 then (i)  f1(z0) exists and (ii) f1(z) exist at every point z in a nbd of z0 .

           If a function which is analytic everywhere in the complex plane , is known as an “entire function”. As derivative of a polynomial exists at every point, a polynomial of any degree is an entire function. A point at which an analytic function ceases to possess a derivative is called a “singular point” of the function.An analytic function is also known as regular or holomorphic.

NOTE:   If f(x) is analytic then it must satisfy the C-R equations, but the converse is not true.

Problems:
1) If w=log z , find 
[image: image146.wmf]dz

dw

and determine where w is non-analytic.
2) If f(z) is nan analytic function with constant modulus ,show that f(z) is constant.
3) Show that the function 
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 is not analatic at the origin even through C-R equations are satisfied.
4) Prove that the function f(z) defined by   
[image: image148.wmf](

)

(

)

(

)

2

2

3

3

1

1

y

x

i

y

i

x

z

f

+

-

-

+

=

  (z≠0),  f(0)=0     is continuous and the Cauchy-Riemann equationsare satisfied at origin,  yet f1(0) does not exists.
5) Show that f(z) = xy2(x+iy)+(x2+y4)                ,   z≠0
                          = 0                                           ,   z=0     is not analytic at z=0, although C-R equations are satisfied at origin.
6) Derive C-R equations in polar form  (OR)    Prove that 
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Deduce that 
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7)  (a)   Prove that 
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       (b)  If  f(z) is a regular function of z , prove that 
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8) (a)   Find the value of k , such that f(z) = 
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(b)   Find the value of p , such that f(z) = 
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(c)  Find the constants a, b, c, d and e if f(z) =(ax4+bx2y2+cy4+dx2-2y2)+i(4x3y-exy3+4xy)  is analytic.   (a=1,b=-6,c=1,d=2,e=4)
     9)   Prove that zn is analytic (n is integer) and hence find its derivative.

   10)   Show that (i) f(z) = ez  (ii)  f(z) = 
[image: image156.wmf]z
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 is analytic every where in the complex plane and find f1(z).
HARMONIC FUNCTION:  A function which satisfied laplacian equation is called Harmonic function.

If w=f(z)=u(x,y)+iv(x,y) is an analytic function then the two functions u(x,y) and v(x,y) are Harmonicfunction of x,y.(prove it)

ORTHOGONALITY OF ANALYTIC FUNCTION: If w=f(z)=u(x,y)+iv(x,y) is an analytic function then the two family of curves u(x,y)=k1
and v(x,y)=k2 are orthogonal to each other. (prove it)

Milne-Thomson Rule:  To express any function in terms of z , replace x by z and y by 0. This provides an elegant method of finding f(z) when its real and imaginary parts are given.

CONSTRUCTION OF AN ANALYTIC FUNCTION:Problems:
1) Construct an analytic function whose real part is 

(a) 
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   (Ans: log z)   (b)  x3-3xy2+3x2-3y2    (ans: z3+3z2+1)    (c)  e-x(xsiny-ycosy)   (ans:ez+i(c-z) )

(d) e2x(xcos 2y-y sin 2y)   (ans: ze2z+ic)  (e)  ex( (x2-y2)cos y-2xysin y)   (ans: x2ez+ic)  (f) x sinxcoshy-y cosxsinhy  (ans: z sinz)

(g) 
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    (ans: -cosec2z)

2) Construct an analytic function whose imaginary part is 

(a) 
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 represents the complex potential for an electric field and 
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3) Find the analytic functionf(z)=u+iv if   (a)u-v = (x-y)(x2+4xy+y2)  (ans: f(z)=c-iz3)    (b)
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       (ans: 
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3) Find the orthogonal trajectories of family of curves

(a) x3y-xy3=c   (ans : x4-6x2y2+y4=c)   (b) excosy-xy=c   (ans: x 2-y2+2exsiny=c)

4) (a)Find the conjugate harmonic of v(r,θ)=r2cos2θ-rcosθ+2.    (ans:   u=-r2sin2θ+rsinθ+c) 

(b)  Find the orthogonal trajectories of family of curves r2cos2θ        (r2sin2θ)

BILINEAR TRANSFORMATION:The transformation 
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 , where ad-bc≠0 and a,b,c,d are complex constants is known as bilinear transformation. The inverse mapping 
[image: image174.wmf]a

cw

b

dw

z

-

+

-

=
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INVARIANT POINTS OF A BILINEAR TRANSFORMATION: If z maps into itself in the w-plane with respect to the bilinear transformation  then the points z in z-plane  are called invariant points of the bilinear transformation.

i.e., 
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. The roots of this equation are defined as the invariant or fixed points of the bilinear transformation.

Two important properties:

1) A Bilinear transformation maps circles into circles:
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.    Which is a combination of the transformationsof
[image: image179.wmf]c
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. By these transformations, we successively pass from z-plane to w1plane , from w1 plane to w2 plane, from w2 plane to w3 plane and finally w3 plane to w plane. Now each of these transformations is one or other of the standard transformations w=z+c , w=cz , 
[image: image183.wmf]z
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 and each of these a circle always maps onto a circle. Hence the bilinear transformation maps a circles into circles.

2) A Bilinear transformation preserves cross-ratio of four points:
Let the points z1, z2, z3, z4 of the z-plane map onto the points w1, w2, w3, w4 of the w=plane respectively under the bilinear transformation 
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. Then we have,
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.    Using this relation we get 
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          Thus the cross-ratio of four points is invariant under bilinear transformation.

Problems:
1) Find the bilinear transformation which maps the points (-1,0,1) into the points (0,i,3i).  (ans: 
[image: image187.wmf](
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2)  Find the bilinear transformation which maps the points (1,i,-1) into the points (2,i,-2).  (Ans: 
[image: image188.wmf]3
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3) Find the bilinear transformation which maps the points (1-2i,2+i,2+3i) into the points (2+i,1+3i,4). 

(Ans: 
[image: image189.wmf](

)

i

z

i

i

z

w

7

7

4

6

7

3

10

-

-

-

-

+

=

)
4) Find the bilinear transformation which maps the points (-i,0,i) into the points (-1,i,1) respectively.  (Ans: 
[image: image190.wmf]1
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5) Find the bilinear transformation which maps the points (2,i,-2) into the points (1,i,-1).  (Ans: 
[image: image191.wmf]6
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6) Find the bilinear transformation which maps the points (0,1,i) into the points (1+i,-i,2-i)  (Ans: 
[image: image192.wmf](
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7) Find the bilinear transformation which maps the points (-1,i,1) into the points (1,i,-1). Also find the invariant points.

(Ans: 
[image: image193.wmf]z
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8) Find the bilinear transformation which maps the points z=1,i,-1 into the points w=0,1,∞  (Ans: 
[image: image194.wmf](
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9) Find the bilinear transformation which maps the points z=∞,i,0 into the points w=0,i,∞ . (Ans
[image: image195.wmf]z
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10) Find the bilinear transformation which maps the points z=∞,i,0 into the points w=-1,-i,1. (Ans: 
[image: image196.wmf]z
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11) Find the bilinear transformation which maps the points z=0,1,∞ into the points w=-1,-i,1.  (Ans: 
[image: image197.wmf]i
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12) Find the bilinear transformation which maps the points z=0,1,∞into the points w=-1,-2,-i  (Ans: 
[image: image198.wmf](
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13) Find the bilinear transformation which maps the points z=0,-i,2i  into the points w=5i, ∞ ,
[image: image199.wmf]3
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14) Find the bilinear transformation which maps the points z=1, i, -1   into the points w=i, 0, -i. Hence find the image of 
[image: image201.wmf]z

˂1. Also find the invariant points of this transformation.  (Ans: 
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[image: image203.wmf][

]

i

i

6

1

2

1

±

+

-

)

15) Show that the bilinear transformation 
[image: image204.wmf](
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16) Show that the transformation 
[image: image206.wmf](
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 maps the circle 
[image: image207.wmf]z

=1 into the real axis of the w-plane and the interior of the circle 
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˂1 into the upper half of the w-plane.

17) Show that the transformation 
[image: image209.wmf]z
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 maps the real axis of z-plane into the circle 
[image: image210.wmf]w

=1 and the half plane y ˃ 0 into the interior of the circle 
[image: image211.wmf]w

=1 in the w-plane.

18) Under the transformation 
[image: image212.wmf]zi
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, find the image of the circle (i) 
[image: image213.wmf]w

=1    in z-plane (ii) 
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=1 in the w-plae. 

( ans : (i) y=0   (ii) u+v=0 )

19) Show that the function 
[image: image215.wmf]z
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 transform the straight line x=c in the z-plane into a circle in the w-plane.

UNIT-4
Complex Analysis-II

COMPLEX INTEGRATION:Problems:
(1) Prove that (i) 
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(2) Evaluate 
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[image: image220.wmf]2
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(3)       (ans: (i) 
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(4) Evaluate 
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(5) Evaluate 
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(6) Evaluate 
[image: image225.wmf](

)

ò

+

+

)

1

,

1

(

)

0

,

0

(

2

2

4

3

dz

ix

xy

x

 along y=x2     ( ans: 
[image: image226.wmf]30

103

2

3

i

+

)

(7) Evaluate 
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(8) Show that 
[image: image228.wmf](

)

ò

=

+

C

dz

z

0

1

, where C is the boundary of the square whose vertices are at the points z=0, z=1, z=1+I, z=i

CAUCHY’S THEOREM:
If f(z) is an analytic function and f1(z) is continuous at each point within and on a closed curve C, then 
[image: image229.wmf](

)

0

=

ò

C

dz

z

f

.

Extention of Cauchy’s theorem:

If f(z) is analytic in the region D between two simple closed curves C and C1 , then 
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NOTE:   If C1,C2,C3,………,Cn be any number of closed curves not overlapping within C then 
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CAUCHY’S INTEGRAL FORMULA: 
If f(z) is analytic within and on a closed curve and if a is any point within C, then  
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NOTE:   Differentiate w.r.t. a up to n times on both sides we get  
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Problems:
(1) Evaluate 
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(2) Evaluate 
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(3) Evaluate 
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(4) Evaluate 
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(5) Evaluate 
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(6) Evaluate 
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(7) Evaluate 
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(8) Evaluate 
[image: image256.wmf]ò

+

+

C

dz

z

z

z

2

5

3

2

where C is the circle 
[image: image257.wmf]1

=

z

    (A: 
[image: image258.wmf]i

p

5

)

(9) Evaluate 
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(10) Evaluate  
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(11) Evaluate 
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(12) Evaluate 
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(13) Evaluate 
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(14) Evaluate 
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(15) Evaluate 
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(16) Evaluate 
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(17) Evaluate 
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(18) Verify cauchy’s theorem by integrating eiz along the boundary of the triangle with the vertices at the points 1+I , -1+I and -1-i

(19) Verify cauchy’s theorem by integrating z3 along the boundary of the rectangle with the vertices at the points 1+i , -1+i, 1 ,-1.

(20) If 
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, find the value of F(3.5)

SERIES OF COMPLEX TERMS:
(1) Taylor’s series:    If f(z) is analytic inside a circle C with Centre at a, then for z inside c,
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(2) Laurent’s Series:  If f(z) is analytic in the ring-shaped region R bounded by two concentric circles C and C1 of radii r and r1
 (r˃ r1) and with Centre at a, then for all z in R
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Problems:
(1)  Find the Taylor series expansion of 
[image: image290.wmf](
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  about the point z = - I 

(2) Find the Taylor series expansion of  
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(3) Expand 
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(4) Find the Laurent’s expansion of 
[image: image297.wmf]
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(5) Find the Taylor series expansion of (i) ez  about the point z = 3   (ii) e1+z in powers of z-1
(6) Obtain the Taylor’s series to represent the function 
[image: image299.wmf](
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(7) Expand log (1-z) when 
[image: image301.wmf]z

˂ 1 using Taylor series.

(8) Expand log z by Taylor series about z=1.

(9) Show that when 
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(10) Find the Laurent’s series expansion of the function 
[image: image304.wmf](
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(11) Give two Laurent’s series expansion in powers of z for 
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(12) Find the Laurent’s series expansion of the function 
[image: image307.wmf](
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(13) Find the Laurent’s series expansion of the function 
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RESIDUES:The coefficient of 
[image: image312.wmf]a
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 in the expansion of f(z) about the isolated singular point z=a is called the residue of f(z) at the point.

           The Laurent’s series expansion of f(z) about z=a is 
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Here b-1 is called residue of f(z) about z=a, and is defined by 
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Cauchy’s Residue Theorem:If f(z) is analytic in a closed curve C , expect at a finite number of singular points a1 ,a2 ,……,an within C and R1,R2,……,Rn be the residues at these singular points, then
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CALUCULATION OF RESIDUES:
(1) If f(z) has a simple pole at z = a, then Res f(a) = 
[image: image318.wmf](
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(2) If f(z) has a pole of order n at z = a, thenRes f(a) =  
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Problems:
(1) Using Residue theorem evaluate 
[image: image320.wmf]ò
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(2) Determine the poles of the function 
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 and the residue at each pole. Hence evaluate 
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(4) Evaluate the following integrals:
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(5) Find the residue of 
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(6) Evaluate 
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(7) Evaluate 
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(8) Evaluate 
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(10) Determine the poles of the following functions and the residue at each pole:
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(11) Evaluate

(i)
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EVALUATION OF REAL DEFINITE INTEGRALS:
(a) Integration around the unit circle:

                                                                    An integral of the type 
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Problems:
(1) Show that 
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(2)  By integrating around a unit circle , evaluate 
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(3)  By integrating around a unit circle , evaluate 
[image: image398.wmf]ò

+

p

q

q

q

2

0

cos

4

5

2

cos

d

                            (A: 
[image: image399.wmf]6

p

 )
(4) Show by the method of residues, 
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(5) Prove that 
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(6) Show that 
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(7) Use the method of contour integration prove 
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(8) Evaluate 
[image: image404.wmf](

)

ò

-

p

q

q

2

0

2

sin

3

5

d

  using residue theorem.                                    (A: 
[image: image405.wmf]32

5

p

 )

(9) Evaluate 
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(b) Integration around a small semi-circle:
To evaluate 
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Finally making R  tends to ∞,we find the value of 
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Problems:
1) Evaluate 
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2) Evaluate 
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3) Prove that
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4) Prove that
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5)  Prove that 
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UNIT-5
Z-TRANSFORMS
Definition:If the function f(n) is defined for discrete values n= 0,1,2,…. and f(n) = 0 for n ˂ 0, then its Z- transform is defined to be 
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whenever the infinite series converges. The inverse Z-transform is written as 
[image: image423.wmf](

)

[

]

(

)

n

f

z

F

Z

=

-

1


Some standard Z-transforms:
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   (9)    Linear property  

 (10)    Change of scale Property or damping rule :
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PROBLEMS:
(1) Find Z- transform of the following:

(i) 
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     (2) Find Z- transform (i) 
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   (3) Find Z- transform of (i) 
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    (4) Find Z- transform of  (i) 
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Shifting properties:

(1) Right shifing property: If 
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(2) Left shifing property:  If 
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Note: (1) 
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PROBLEMS:
(1) Evaluate ( A: 
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(2) Show that 
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Initial value theorem:  If 
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Final value theorem:If 
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PROBLEMS:
1) If 
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Inverse z-transform:
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Evaluation of inverse Z-Transforms by partial fractions:
PROBLEMS:Find the inverse Z-transforms of the following functions:
1) 
[image: image507.wmf](

)

(

)

4

2

3

2

2

-

+

+

z

z

z

z

                                    (A: 
[image: image508.wmf](

)

(

)

n

n

n

f

4

6

11

6

2

)

(

+

-

=

   )
2) 
[image: image509.wmf](

)

(

)

4

2

20

3

3

-

-

-

z

z

z

z

  (A:
[image: image510.wmf](

)

n

n

n

n

n

f

4

2

2

2

1

-

+

=

-

   )
3) 
[image: image511.wmf]ú

û

ù

ê

ë

é

+

+

-

24

11

2

1

z

z

z

Z

                          (A: 
[image: image512.wmf](

)

(

)

[

]

n

n

8

3

5

1

-

-

-

    )
4) 
[image: image513.wmf](

)

(

)

4

2

3

2

2

-

+

+

z

z

z

z

                (A:   
[image: image514.wmf](

)

(

)

n

n

4

6

11

2

6

1

+

-

     )
5) 
[image: image515.wmf](

)

(

)

2

5

1

5

3

2

+

-

+

z

z

z

z

          (A: 
[image: image516.wmf](

)

(

)

n

n

4

.

0

75

1

2

.

0

75

8

-

+

    )
6) 
[image: image517.wmf](

)

2

2

1

-

+

z

z

z

                              (A: 1+2n    )
Evaluation of inverse Z-Transforms by residue theorem:

The inverse Z-transform of F(z) is given by
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PROBLEMS:: Find the inverse Z-transforms of the following functions:
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Convolution theorem: If 
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PROBLEMS:  Use Convolution theorem finds the inverse Z-transform of the following functions.
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Applications of Z-transforms:   Using Z-transforms solve the following differential equations:
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